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Abstract
This is a note on the paper [A. Kouibia,A.J. López-Linares, M. Pasadas,Approximation of discontinuous curves and surfaces with
tangent conditions, J. Comput.Appl. Math. 193 (2006) 51–64]. We consider the constructing problem of a discontinuous parametric
curve or surface from a ﬁnite set of points and tangent conditions. We develop a method based on the theory of discrete smoothing
variational splines conveniently adapted to introduce the tangent conditions and the discontinuity set. We give a convergence result
and we analyze some numerical and graphical examples in order to illustrate the effectiveness of the presented method.
© 2006 Elsevier B.V. All rights reserved.
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This is an addendum to [3] in which we study the discrete problem of it. We present how to compute our discrete
spline in a ﬁnite element space and we establish a convergence result.
Let , F, ′, A1, A2, L, , Jε be deﬁned as in [3]. We suppose are given:
• a subsetH of (0,+∞) of which 0 is an accumulation point;
• for all h ∈H, a partitionTh of  made with rectangles or triangles K of disjoint interiors and diameter hKh
such that for all K ∈Th,
◦
K ∩F = and each side of K is a subset of  or such that K ⊂ F ;
• for any h ∈H, a ﬁnite element space Xh constructed onTh such that
Xh ⊂ Hm(′) ∩ CkF (′), k + 1m;
• for any h ∈H, a parametric ﬁnite element space Vh constructed from Xh by Vh = (Xh)n, that satisﬁes
Vh ⊂ Hm(′;Rn) ∩ CkF (′;Rn). (1)
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Now, given 0 and ε > 0, we deﬁne the functional Jε as in [3, (4.5)] but this time on Vh. Let us consider the following
minimization problem: ﬁnd hε ∈ Vh such that
∀v ∈ Vh, Jε(hε)Jε(v). (2)
By reasoning as in [3, Theorem 4.1], we deduce that Problem (2) has a unique solution, called discrete smoothing
variational spline with tangent conditions in ′ relative to A1, A2, Lf ,  and ε, which is also the unique solution of
the following variational problem: Find hε ∈ Vh such that for all v ∈ Vh
〈Lhε, Lv〉N1,n + 〈hε,v〉N2,pn + ε(hε, v)m,′,Rn = 〈Lf ,Lv〉N1,n. (3)
1. Computation
For any h ∈ H, let I and {w1, . . . , wI } be the dimension and a basis of Xh, respectively, and let us denote by
{e1, . . . , en} the canonical basis of Rn. Then, the family {v1, . . . , vZ}, with Z = nI , is a basis of Vh, where
∀i = 1, . . . , I, ∀ = 1, 2, . . . , n, j = n(i − 1) + , vj = wie.
Thus, for any h ∈H, hε can be expressed hε =
∑Z
i=1 ivi , with unknown i ∈ R, for i = 1, . . . , Z. By applying (3)
we obtain that the vector = (i)1 iZ ∈ RZ is the solution of the following linear system of order Z:
(ATA+ PTP+ εR)=ATb, (4)
whereA= (vj (ai)) 1 iN1
1 j Z
, P= (ai vj ) 1 iN2
1 j Z
, R= ((vi, vj )m,′,Rn)1 i,jZ , b = (f (ai))1 iN1 .
Finally, we point out that the matrixATA+  PTP+ εR of the linear system given in (4) is symmetric, positive
deﬁnite and of band type.
Remark 1. To solve the linear system given in (4) we have used the conjugate gradient method.
In order to determinate the optimal values of the parameters of  and ε involved in the functional Jε, we can adapt
to this case the cross-validation method studied in [4].
2. Convergence
Let m3 ﬁxed and we suppose are givenD of (0,+∞) and, for each d ∈ D, Ad1 , Ad2 , Ld , d , J dε deﬁned as in [3,
Section 5]. We assume that
KerLd ∩ P˜m−1(′;Rn) = {0}, (5)
sup
x∈′
min
a∈Ad1
〈x − a〉Rp = d . (6)
Let dhε be the discrete smoothing variational spline with tangent conditions in ′ relative to Ad1 , Ad2 , Ldf ,  and ε,
which is the minimum of J dε in Vh.
We assume that the family (Xh)h∈H is given such that there exists a linear operator h : L2(′;Rn) → Vh verifying
for all y ∈ Hm(′;Rn),
(i) ∀ l = 0, . . . , m, |y − hy|l,′,RnChm−l |y|m,′,Rn ,
(ii) lim
h→0 |y − hy|m,′,Rn = 0, (7)
the cardinalities of the subsets Ad1 and A
d
2 satisfy
max{N1, N2}Cd−p, (8)
and that the family (Th)h∈H satisﬁes the inverse assumptions (c.f. [2]):
∃> 0, ∀h ∈H, ∀K ∈Th, h
hK
. (9)
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Lemma 2. We suppose that the hypotheses (1), (5)–(9) hold. Then, there exists some constant C > 0 such that for any
y ∈ Hm(′;Rn), d ∈ D and h ∈H,∑
a∈Ad1
〈(hy − y)(a)〉2RnCd−dh2m−2|y|2m,′,Rn , (10)
∑
b∈Ad2
〈Di(hy − y)(b)〉2RnCd−ph2m−4|y|2m,′,Rn , i = 1, 2. (11)
Proof. Reasoning as in the proof of [1, Lemma 6.1], we deduce that there exists a constant C > 0 such that for any
y ∈ Hm(;Rn), d ∈ D and h ∈H, and for any K ∈Th, one has
max
u∈K 〈y(u)〉
2
RnCh
−2
m∑
=0
h2|y|2
,K,Rn , (12)
max
u∈K 〈Diy(u)〉
2
RnCh
−2
m−1∑
=0
h2|y|2
+1,K,Rn , i = 1, 2. (13)
Thus, taking hy − y instead of y in (12), we deduce that∑
a∈Ad1
〈(hy − y)(a)〉2Rn
∑
K∈Th
∑
a∈Ad1∩K
〈(hy − y)(a)〉2Rn
Ch−2N1
∑
K∈Th
m∑
=0
h2|hy − y|2,K,RnCh−2N1
m∑
=0
h2|hy − y|2,′,Rn .
Hence, from (7), we have
∑
a∈Ad1
〈(hy − y)(a)〉2RnCh−2N1
m∑
=0
h2h2m−2|y|2
m,′,Rn
Ch−2N1(m + 1)h2m|y|2m,′,Rn ,
and we conclude that (10) holds.
Analogously, taking hy − y instead of y in (13) we deduce, for i = 1, 2, that
∑
b∈Ad2
〈Di(hy − y)(b)〉2RnCh−2N2
m−1∑
=0
h2|hy − y|2+1,′,Rn .
Hence, from (7), we have∑
b∈Ad2
〈Di(hy − y)〉2RnCh−2N2mh2m−2|y|2m,′,Rn ,
and, from (8), we conclude that (11) holds. 
Theorem 3. We suppose that the hypotheses (1), (5)–(9) hold, and that
ε = o(d−p), d → 0, (14)
h2m−4
dp ε
= o(1), d → 0, (15)
h2m
dp ε
= o(1), d → 0. (16)
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Then, one has
lim
d→0 ‖
dh
ε − f ‖m,′,Rn = 0.
Proof. For all d ∈ D, we have that J dε(dhε )J dε(hf ) where, for each h ∈H, h is the operator given in (7), which
means that
|dhε |2m,′,Rn
1
ε
〈Ld(hf − f )〉2N1,n +

ε
〈d(hf )〉2N2,pn + |hf |2m,′,Rn . (17)
From Lemma 2 we obtain that there exist some constant C1 > 0 and C2 > 0 such that
〈Ld(hf − f )〉2N1,nC1d−ph2m−2|f |2m,′,Rn ,
〈d(hf )〉2N2,pnC2pd−ph2m−4|f |2m,′,Rn
and, from (7) we have that
|hf |2m,′,Rn = o(1) + |f |2m,′,Rn , d → 0.
Hence, we deduce from (17) that
|dhε |2m,′,Rn
(
C1h2m
dpε
+ C2ph
2m−4
dpε
+ 1
)
|f |2
m,′,Rn + o(1), d → 0. (18)
Moreover, from J dε(dhε )  J dε(hf ) we obtain that
〈Ld(dhε − f )〉2N1,n = o(ε), d → 0. (19)
By using (14)–(16), (18), (19), and reasoning similarly as in the proof of [3, Theorem 5.2 as of Eq. (5.6)] the rest of
this proof is obtained. 
3. Numerical and graphical examples
In this section we are going to test the validity of the approximation method presented in this paper.
For (d, h) ∈ D ×H, let dhε be the discrete smoothing variational spline with tangent conditions in ′ relative to
Ad1 , A
d
2 , L
df ,  and ε in ∈ Vh. We have computed two types of error estimates, an estimate of the relative error in norm
| · |0,′,Rn , and an estimate of the relative tangent error. The latest error estimate is the angle middle formed by the
tangent vector subspaces of the approximated surface and the original one. Both error estimates are given through the
expressions
Er =
(∑1000
i=1 〈dhε (xi) − f (xi)〉2n∑1000
i=1 〈f (xi)〉2n
)1/2
, Et =
∑1000
i=1 Ang(Txi (dhε ), Txi (f ))
1000
,
where {xi}1 i1000 is a set of 1000 arbitrary points of  and
Ang(Txi (
dh
ε ) , Txi (f ))
is the angle that form Txi (dhε ) , tangent space of dhε at xi , and Txi (f ), tangent space of f at xi .
3.1. The curve case
We consider the curve Υ0 parameterized by the function
f = (f1, f2) : [−6, 6] → R2,
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Fig. 1. From left to right: the graphs of the original curve and its approximation one parameterized by dhε with s = 6, N1 = 61, N2 = 201, ε= 10−4,
= 10−6, Er = 0.0408453, Et = 0.0932194.
Table 1
= 10−4 and ε = 10−6
Intervals Lagrange points Tangent points Er Et
s = 6 N1 = 31 N2 = 101 0.0489937 0.0998406
N2 = 201 0.0466467 0.0950035
N1 = 61 N2 = 101 0.0414402 0.0879431
N2 = 201 0.0413763 0.0849064
s = 12 N1 = 31 N2 = 101 0.0215474 0.0581758
N2 = 201 0.0204631 0.052345
N1 = 61 N2 = 101 0.0142958 0.0322136
N2 = 201 0.012456 0.0291266
Table 2
= 10−7 and ε = 10−9
Intervals Lagrange points Tangent points Er Et
s = 6 N1 = 31 N2 = 101 0.0486781 0.0948695
N2 = 201 0.0477679 0.0940071
N1 = 61 N2 = 101 0.0424615 0.082975
N2 = 201 0.0421216 0.0800736
s = 12 N1 = 31 N2 = 101 0.0391521 0.076582
N2 = 201 0.0382719 0.0695915
N1 = 61 N2 = 101 0.0134057 0.0351157
N2 = 201 0.0104115 0.0307855
where⎧⎪⎪⎨
⎪⎪⎩
f1(u) = 2 sign(u) (|u| − 2)
2
10
− 0.75 sign(u),
f2(u) = u cos
(
(|u| − 3)2
	
)
− 0.5 sign(u).
The corresponding graphic is shown in Fig. 1 (left side). We have taken the data = [−6, 6], F = {0} and ′ =\F .
Fig. 1 shows an approximation curve (right side) obtained from some given scattered data.
The parametric ﬁnite element space Vh has been constructed on a partitionTh made up by s equal intervals from
the generic ﬁnite element of Hermite of class C1 in order to solve numerically the problem (5).
Tables 1 and 2 show the inﬂuence on the error estimates of the number of the intervals of the partition and both the
scattered Lagrange and tangent data points for two pair values of  and ε, respectively.
3.2. Surface case
In order to test our smoothing method for the surface case, we consider the surface Υ0 parameterized by the function
f = (f1, f2, f3) : [−6, 6] × [−6, 6] → R3,
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Fig. 2. From left to right, surface Υ0 and an approximating surface for N1 =250, N2 =400, ε=10−5, =0, Er =0.00454581 and Et =0.0284015.
Fig. 3. From left to right, two approximating surface of Υ0 for N1 = 250, N2 = 400, ε = 10−5,  = 10−3 and N1 = 900, N2 = 400, ε = 10−7,
= 10−3, respectively. The relative errors are Er = 0.0044139, Et = 0.019088 and Er = 0.00357, Et = 0.0176559, respectively.
where
f1(u, v) =
{
u + 3 sign(u)cos2
(
(|u| − 3)(|v| − 3)
9
)
if |u|< 3, |v|< 3,
u if |u|3 or |v|3,
f2(u, v) =
{
v + 3 sign(v)cos2
(
(|u| − 3)(|v| − 3)
9
)
if |u|< 3, |v|< 3,
v if |u|3 or|v|3,
f3(u, v) =
⎧⎪⎨
⎪⎩
4 sin2
(
(|u| − 3)(|v| − 3)
9
)
if |u|< 3, |v|< 3,
−3 sin
(
(u2 − 9)(v2 − 9)
(5 ∗ 81)2
)
if |u|3 or |v|3
which graph appears in Fig. 2, left side.
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For some (d, h) ∈ D×Hwe have computed the discrete smoothing variational splines with tangent conditions dhε
in the ﬁnite element space Vh constructed on a partition inTh = 4 × 4 square equal from the generic ﬁnite element of
Bogner–Fox–Schmidt of class C1.
Figs. 2 (right side) and 3 show some approximation surfaces obtained for some scattered data and distinct values of
the parameters  and ε. Moreover, in each case, the corresponding error estimates are given.
Graphically, we notice that the ﬁrst graph, left side, in Fig. 2 and the last graph, right side, in Fig. 3 are similar.
Moreover numerically, in Fig. 3 and Tables 1 and 2 the orders of the obtained errors are good, which proves and justiﬁes
the validity of our smoothing method.
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